Introduction. The main object of study in this paper with respect to zero-cycles is a special class of Hilbert-Blumenthal surfaces X, which are defined over Q as smooth compactifications of quasi-projective varieties S/Q, more precisely, of coarse moduli schemes S that represent the moduli stack of polarized abelian surfaces with real multiplication by the ring of integers in a real quadratic field F = Q( √ d). We assume that d = q is a prime ≡ 1(4) and that the class number of F is 1. Then S(C), the complex points of S, can be described as H×H/ SL 2 (O F ), where H is the upper halfplane. In the early seventies, Hirzebruch and Zagier [HZ] defined for each integer N a curve T N on S (called Hirzebruch-Zagier cycles) and showed that their intersection numbers occur as Fourier coefficients of modular forms of level q with Nebentypes ε q , the quadratic character of F /Q. In this connection with modular forms, HirzebruchZagier cycles reveal very similar properties to Hecke correspondences on the selfproduct of the modular curve X 0 (q). This crucial observation of Hirzebruch and Zagier, together with Tunnell's proof of the Tate conjecture for a product of modular curves, inspired Harder, Langlands, and Rapoport [HLR] under the action of the Hecke algebra. The local Tate classes in these isotypic components, that is, the invariants under Frobenius, can be easily computed. It turns out that for primes p that are inert in F , the dimension of the space of local Tate classes is three times the one of global Tate classes. It seems to be very difficult to construct cycles that cover these Tate classes. For split primes p, we get in each isotypic component two local Tate classes, so there are also new cycles to construct in characteristic p. To bound the dimension of local Tate classes from above, we use a result of Coleman and Edixhoven [CE] that states that the eigenvalues of Frobenius acting on the 2-dimensional Galois representation associated to a modular form are different.
is surjective.
To get new elements in H 1 (X, 2 ), we observe that the modular unit constructed by Flach and Mildenhall on X 0 (p) also defines a modular unit on the Hirzebruch-Zagier cycle T p because they have the same function fields. By applying a construction that was first given by Ramakrishnan [R1] , [R2] , and [R3] , that is, by adding a certain formal sum i (D i , f i ) , where D i is a rational curve in the resolutions of the cusp or quotient singularities and f i ∈ k (D i ), we get a new, well-defined (i.e., indecomposable) element in H 1 (X, 2 ) for each split prime p. Their images under Hecke correspondences and the decomposable elements coming from Pic(X) ⊗ Q * generate a subspace in H 1 (X, 2 )⊗Q, the boundary of which at p covers the whole vector space Pic(X p ) ⊗ Q. As a corollary, we derive the following local finiteness result on torsion zero-cycles.
Theorem C. Let p ∈ U be a split, good reduction prime of X in U , and let
the prime-to-p torsion in Ch 0 (X Q p ), is finite.
In the global situation, we need additional assumptions in terms of well-known conjectures on values of L-functions. They are specified in the conditions (H1), (H2), (H3) preceding Theorem 2.5. (H1) is an S-integral version of Beilinson's conjecture [R4, Conjecture 6.8.7] relating the order of pole of the partial L-function L S (H 2 (X) , s) at s = 1 to the dimension of the S-integral motivic cohomology. Here S is a finite set of primes including all bad reduction primes. (H2) is the Tate conjecture for divisors in characteristic p at inert good reduction primes. (H3) is a suitable analogous condition for inert bad reduction primes. Then we show the following theorem.
Theorem D. Let X be as in Theorem A, let ᐄ be a smooth, proper model over U , and assume that the Doi-Naganuma lift DN F is surjective. Assume furthermore that the hypotheses (H1) for varying S, (H2) for inert good primes, and (H3) for inert primes not lying in U are satisfied. Then Ch 0 (X){p} is finite for all primes
For the proof of this theorem, we would like to apply the general framework that was developed in [LS] in the case of the self-product of a modular elliptic curve. So one has to elaborate the following two tasks: derive the surjectivity of ∂ ⊗ Q, and prove the finiteness of the Selmer group associated to the motive H 2 (X)(2).
It turns out that the surjectivity of ∂ ⊗ Q is a consequence of (H1) and (H2). By using our assumption on X, the finiteness of the Selmer group can be reduced, by a norm argument, to the finiteness of the Selmer group over F (!) associated to the adjoint representation of a modular form, which is known due to the recent work of Fujiwara [Fu] who extends an analogous result of Wiles [W] from Q to totally real fields.
Of course, another crucial point in the proof of Theorem D is the description of the image of the p-adic (étale) regulator map on K (2) 1 in terms of what Bloch and Kato call the local points of the motive H 2 (X)(2). The result is based on Schneider's p-adic points conjecture [S] relating syntomic cohomology to H 1 f , and a description of the cohomology of the truncated complex of p-adic vanishing cycles in terms of H 1 g in the sense of [BK] . The latter result is a consequence of the main theorem in [L3] , which treats a semistable analog of Schneider's conjecture.
We hope to convince the reader, through the proof of Theorems B, C, and D, how closely related the study of algebraic cycles is to p-adic Hodge theory and the theory of modular forms and their associated Galois representations. On the other hand, the deep theorems of Fontaine and Messing, Kato, Tsuji, and Faltings on the comparison of p-adic cohomology theories now have an application in the cycle world. The interplay of these different branches in arithmetic geometry deserves to be explored much more. Theorem C and the conditional Theorem D provide a first example of a Shimura variety (of dimension greater than 1) where we can obtain a finiteness result on higher Chow groups.
1. Modular description of Hirzebruch-Zagier cycles and the Tate conjecture in finite characteristic. Let H = {z ∈ C, Im z > 0} be the upper half-plane. Fix a prime q ≡ 1(4), and let F = Q( √ q) with ring of integers O F . Assume that there is a unit of norm −1 and that the class number of F is 1. Then SL 2 (O F ) operates on H × H in the following way:
where means conjugation by the nontrivial element σ in Gal(F /Q). The quotient
is a noncompact complex surface with finitely many (quotient) singularities. Following [HZ] , for each integer N, we define curves
Given N, consider all points (z 1 , z 2 ) ∈ H 2 satisfying some equation of the form [HZ] , [vdG, Chapter V] ). Let ℘ be a prime in O F above p, ℘ = (π), such that π is totally positive and π · π = p. We look at the matrix group SL (O F 
and consider the element g = π −1 0 0 1 , which acts on H × H as follows:
, we have an isomorphism
is the image of the diagonal under φ p , and we have a birational morphism
This construction of T p allows us to give a modular description of the points lying on them. First, it is well known (see [Ra] ) that H × H/ SL 2 (O F ) parametrizes polarized abelian surfaces A/C together with an endomorphism (called real multiplication):
, and let E ⊗ O F be the following abelian surface with real multiplication m, as an abelian surface E ⊗ O F is E × C E and the real multiplication m is defined by letting √ q act through the matrix 0 q 1 0
with its (naturally defined) real multiplication, is isomorphic to (E ⊗ O F , m).
Proof. We have an exact sequence
where the first map i is induced by the diagonal embedding C → C 2 , the second map j is induced by C 2 → C, (x, y) → (x − y)/2, and E is identified with the elliptic curve C/2πi(
is isomorphic to E × E as abelian surfaces. It remains to show that under these isomorphisms, the real multiplications are identified.
, where we use the isomorphism
On the other hand, when we start with a point x in C/2πi(Z + z 1 Z) and use the above isomorphism, we see that
This finishes the proof of Lemma 1.1.
Therefore, the abelian surface A corresponding to We can also understand the map α :
corresponds to the abelian surface E ⊗O F /U with the notation given in Lemma 1.2.
Let S/Q be the coarse moduli scheme defined over Q that was constructed by Rapoport [Ra] . It represents the moduli stack of polarized abelian surfaces with real multiplication by O F . It is known that S/Q is a quasi-projective variety with S(C) = H × H/ SL 2 (O F ) . The map α descends to a morphism α : Y 0 (p) → S of coarse moduli schemes defined over Q. α extends to a map X 0 (p) → S, which maps the two cusps of X 0 (p) to the unique cusp of S, which lies in the closure T p of T p on S, because T p is not compact. Here S is the Borel-Satake compactification, which contains just one cusp because we assume that the class number of F is 1. Since we also deal with Hilbert-Blumenthal surfaces classifying abelian surfaces with real multiplication and level structures, we briefly recall the definition of the underlying Shimura variety in the adelic language. Consider the reductive group F G = G defined as fibre product
We also consider the homomorphism of R-algebraic groups h :
which is defined on real points by
The theory of canonical models yields a quasi-compact separated schemê S =Ŝ(G, h)/Q (called the Shimura variety attached to G and h) with a continuous
(One uses the strong approximation theorem and the assumption that the class number of F is 1; compare [P] and [R3, (2.24 )-(2.26)].)
As before, let S be the Borel-Satake compactification. By resolving the cusp and the finite quotient singularities of S = S K 0 , we obtain a projective smooth surface X =S K 0 over Q, which is our main object of study with respect to torsion zero-cycles and the Tate conjecture in characteristic at a good reduction prime . In order to proceed, we need to consider Hilbert-Blumenthal surfaces with level structures. The reason for this is that they are fine moduli spaces that represent the moduli stack of polarized abelian surfaces with real multiplication by O F and additional level structures. The moduli property is needed to produce extra cycles in characteristic at good reduction primes in order to prove the Tate conjecture in characteristic . [N] , where ϑ −1 is the inverse different that is a projective O Fmodule of rank 1. For further details, compare [Ra, (1.21 ) and (1.22)]. S K N is, for N ≥ 3, a smooth quasi-projective variety over Q. Let Y =S K N be a smooth projective model over Q obtained by taking the Borel-Satake compactification and resolving all the cusps. Y has good reduction at all primes p Nq. We have a Galois covering
Now we mimic the construction of Hirzebruch-Zagier cycles for the surface S K N , as at the beginning of the section. N) be the fine moduli space representing the moduli stack of
We define a morphism of fine moduli schemes with scheme-theoretic image denoted by T [N] p , which is given on the moduli stacks as follows.
If [N] ), where the real multiplication on A is defined as in Lemma 1.2, and the level N-structure A [N ] is induced by E [N] ×E [N] . The morphism σ extends to a morphism of fine moduli schemes over Z p ,
in the evident way. We observe that if p : Ᏹ → Ᏹ is an isogeny of elliptic curves over a Z p -scheme S of degree p, then the finite group scheme ker( p × p ) ∩ ker π is a direct summand of the flat group scheme
and therefore also flat. Then the projective group scheme Ꮽ = Ᏹ × S Ᏹ/ ker( p × p ) ∩ ker π is again an abelian surface over S. This is because we have isogenies Ᏹ × S Ᏹ → Ꮽ and Ꮽ → Ᏹ × S Ᏹ of degree p, which force Ꮽ to be an abelian scheme. (N) and (N) , where the isogenies of elliptic curves p : E → E of degree p corresponding to points on (N) are Frobenius F : E → E (p) , and on (N) 
lies in the image of ⊗F p , then it corresponds to the abelian surface E ×E/ ker F ∩ker π or to E ×E/ ker V ∩ker π (with induced real multiplication and level N -structure), where E is an elliptic curve over F p . It is evident from the modular property that x is the specialization of some point on T (N) p .
Lemma 1.4. If E is an elliptic curve over F p and F : E ×E → E (p) ×E (p) is the Frobenius, we have an isomorphism
The lemma follows.
Lemmas 1.3 and 1.4 show that - (N) p ⊗ Z p F p has two components defined as the images of (N) and (N) under the map , and we may call them F ℘ and
The Galois covering S K N → S extends to a Galois covering of the models
which induces a finite flat covering of curves
where -p is the closure of the Hirzebruch-Zagier cycle T p on . Since the composite map
forgets the level structure, it factors through
over Z p as a coarse modular scheme [DR] . Denote by F and V the images of the two components of
Let X =S K 0 be as above, a smooth projective variety over Q. For certain X, we are going to prove the Tate conjecture for divisors in characteristic p at split primes p, that is, on the closed fiber X p of a smooth proper model ᐄ of X over Z p . It is clear that there exists an open scheme U ⊂ Spec Z such that X has good reduction at p ∈ U . The conjecture of Tate in characteristic p has the following shape (here NS(X p ) denotes the Neron-Severi group of X p , and is a prime = p).
Conjecture (Tate). We have the following isomorphisms:
The isomorphism on the right-hand side is clear from the smooth and proper base change theorem. We recall (compare [vdG, Chapter XI, Section 2] and [HLR, Proposition 5.3 
corresponds to the cycle classes (twisted by −1) of the rational curves in the resolution of the cusp or quotient singularities, the union of which is denoted by X ∞ , and
is the image of the compactly supported cohomology that coincides with intersection cohomology (compare [HLR, 1.8 ] and the references given there). After extending the coefficients to Q , we have a semisimple action of the Hecke algebra Ᏼ K 0 on H 2 (S, Q ) that commutes with the Galois action of
given by the decomposition (1.5). Then the Tate conjecture in characteristic p is equivalent to the assertion that the inclusion
is an isomorphism. For the convenience of the reader, we recall the definition of Hilbert modular forms. (0)) of its Fourier expansion at the cusp
is zero. Here ω is a totally positive generator of δ −1 F (the inverse different), and O F + is the set of totally positive integers in F . The semisimple Ᏼ K 0 -module H 2 (S, Q ) decomposes into isotypic components as follows:
Here {g 1 , . . . , g r } is a basis of Hilbert modular cusp forms of weight 2 for SL 2 (O F ) that are normalized eigenforms under the Hecke algebra. K g is the number field obtained by adjoining the Fourier coefficients of g,K g ⊂ Q is the completion of K g at a prime above , W g is a 4-dimensionalK g -vector space on which Gal(Q/Q) acts, and W 0 (1) is a 2-dimensional Q -vector space generated by the étale cycle classes of two line bundles L 1 and L 2 , both defined over F , with Chern classes dz r ∧ dz r /y 2 r , x r + iy r = z r , r = 1, 2, and such that L 1 ⊗ L 2 is defined over Q (compare [HLR, 4.6] and [O] ). The sections of L 1 and L 2 are, when considered over C, holomorphic modular forms for SL 2 (O F 
In the classical language, the decomposition of the cuspidal cohomology in isotypic components is given in terms of irreducible cuspidal automorphic representations of G(A), whose archimedean components lie in the discrete series of weight 2 (see [vdG, Theorem 2.1] ). However, since we almost exclusively work with the HilbertBlumenthal surface associated to the full modular group, it is more convenient to work with Hilbert modular cusp forms. For the correspondence of Hilbert modular forms and automorphic representations, we refer to [G, Section 3.10] . A basic principle behind the decomposition (1.7) is the multiplicity one theorem [O, Section 2 .2] and [Miy] , which says that two normalized Hecke eigenforms in S 2 (SL 2 (O F )) that have the same eigenvalues for all Hecke operators coincide. We recall the DoiNaganuma lift [vdG, Chapter VI, Section 4] ,
which associates to a modular form f of level q and Nebentypus ε q (the quadratic character of F /Q) a Hilbert modular cusp form g =f . DN F factors through an injection [vdG, Proposition 4.3] ). In terms of automorphic representations, DN F corresponds to the lift π of a cuspidal automorphic representation π 0 Q of GL 2 (A Q ) from Q to F . We also recall the following fact due to Harder, Langlands, and Rapoport [HLR] (compare with [vdG, Theorem 3.13] ). If g =f , denote byH f the 2-dimensional K f -vectorspace in H 1 (X 1 (q), K f ) associated to f that was constructed by Eichler and Shimura. LetK f be the completion of a prime above such thatK f ⊂ Q , and let H f =H f ⊗ K fK f together with its Gal(Q/Q)-action. Then we have a (noncanonical) isomorphism
The right-hand side decomposes further,
whereK f has trivial Galois action and corresponds to the cycle class of a HirzebruchZagier cycle.
In the following theorem, we prove the Tate conjecture in characteristic p at split primes p for a special class of Hilbert-Blumenthal surfaces. Proof. In the first part of the proof, we allow p to be an arbitrary, good reduction prime until we have computed the dimension of local Tate classes. Let NS(X p ) c ⊗Q denote the projection of NS(X p ) ⊗ Q to H 2 cusp (S, Q (1) ). Since, according to the decompositions (1.5) and (1.7), H 2 cusp (S, Q (1)) has a complement in H 2 et (X, Q (1) ), that is, over Q , generated by algebraic cycle classes that certainly specialize to X p , it suffices to show that
According to (1.7), we can decompose NS(X p ) c ⊗ Q as
where {f 1 , . . . , f r } is the basis of Hecke eigenforms in S ). This is a consequence of the strong multiplicity one theorem for GL 2 (see [Miy] and, for the precise argument, [BL, [vdG, p. 140] ). The coincidence of these L-functions was shown by Brylinski and Labesse [BL] in a more general context (see the remark below). We can also associate tof the L-function 
All this can be found in [vdG, p. 140] .
Remark. If π is a cuspidal automorphic representation of G(A), we define for π an automorphic L-function L(s, π, r) where r is a certain representation of the underlying L-group L G (compare [HLR, paragraph 2])
. If π corresponds to a Hilbert modular cusp form g ∈ S 2 (SL 2 (O F )), which is a common eigenform for all Hecke operators (not necessarily a lift), then L(s − 1, π, r) coincides, up to finitely many Euler factors, with the L-function G(g, s) studied by Asai (the definition is the same as for a liftf ). Its Euler factor at an unramified prime p is again given by the inverse of (1−A p p −s ), where the matrix A p is defined as above, with α ℘ , β ℘ being the zeros of the polynomial X 2 −c(℘)X +N(℘). Then Brylinski and Labesse [BL] and Harder, Langlands, and Rapoport [HLR, (2.4) ] showed, by comparing the Lefschetz fixedpoint formula with the Selberg trace formula, that the above Euler factor coincides with the Euler factor of the L-function associated to the G Q -representation W g . If g is not a lift, then it follows from [HLR] that there are no global Tate classes in W g (1) defined over Q. However, it is possible that there are local Tate classes; that is, it may happen that some diagonal entries in A p are equal to p. It seems to be very difficult to control these local Tate classes. If they occur, then the construction of new cycles in characteristic p that we perform is probably not sufficient to cover these Tate classes. This is the reason why we restrict ourselves to the case where all Hilbert modular cusp forms are lifts of 1-variable modular forms.
From the definition of α ℘ , β ℘ , we get the following lemma.
Lemma 1.13. Let g =f as above. Then we have
Now we are able to compute the dimension of the space of local Tate classes.
Lemma 1.14. We have
Proof. We assume thatf is a lift of a modular form f ∈ S + 2 ( 0 (q), ε q ). For the Fourier coefficient c(℘) of a liftf , we have the following formulas:
(See [vdG, (4 (N) 
, which coincides with intersection cohomology by [HLR, (1.8) ]. The Hecke algebra Ᏼ K N acts on H 2 (S K N , Q ), and again we get a decomposition into isotypic components
where W g is defined as in (1.7) and π K N g is the module under the Hecke algebra Ᏼ K N consisting of K N -invariants in the space of automorphic forms of the cuspidal automorphic representation that is associated to g. Here g runs through a basis {g 1 , . . . , g r } of normalized Hecke eigenforms in
can be realized over Q. ᐂ 1 is a direct sum of isotypic components that are associated to Hilbert modular cusp forms that are not modular forms for the full Hilbert modular group SL 2 (O F ). ᐂ 0 is a Q -vectorspace such that ᐂ 0 (1) is generated by the cohomology classes of the line bundles L 1 and L 2 restricted to the connected components of S K N (see [vdG, (2 
.7)]). Let c T (N) p be the projection (the cuspidal component) of the cycle class of T (N) p
according to the decomposition of the cuspidal part of
It is clear that under the homomorphism π * : [vdG, (1.5) ] and the construction of T p at the beginning of this section). The class of the Hirzebruch-Zagier cycle T p is obtained by applying the Hecke operator t ℘ to the diagonal curve T 1 = . Since the action of t ℘ on the cohomology part associated to g =f is the same as on the modular form, we get
where a p = a p (f ) is the Fourier coefficient of f .
Let S (N) p be the closed fiber of K N /Z p . We define morphisms Ᏺ ℘ , Ᏺ ℘ on S (N) p as follows:
(We omit here the additional data of real multiplications and level N-structures.)
As morphisms of fine moduli schemes (and also the underlying moduli stack), we have
If (N) denotes the diagonal curve on S (N) p , we have
It is clear that Ᏺ ℘ and Ᏺ ℘ descend to morphisms of the coarse moduli scheme S p and the closed fiber of the model /Z p of S, and the same formulas hold for the diagonal curve T 1 = in S p (we replace F ℘ and F ℘ with F and V ). Furthermore, Ᏺ ℘ and Ᏺ ℘ act on the intersection cohomology H 2 (S, Q ), which coincides with the intersection cohomology of S p (compare [BL, p. 408] ). Since this action commutes with the action of the Hecke algebra, Ᏺ ℘ and Ᏺ ℘ induce homomorphisms ofK f -vectorspaces 
We get the following equations:
thus, α, α are the two roots of X 2 − a p x + p, so they coincide with the eigenvalues of F r p acting on H f . Applying again the result of Coleman and Edixhoven [CE, Theorem 2 .1] we see that α = α .
On the other hand, we know that the involution ι : S p → S p that is induced from the involution on the underlying moduli stack by permuting the real multiplication leaves the diagonal curve T 1 = invariant and permutes F and V . We can compute the trace of F f and V f by taking the intersection number with the diagonal
So a p = 2α = 2α , which is a contradiction. This proves the isomorphism (1.12) and finishes the proof of Theorem 1.11.
Construction of new elements in K-theory and torsion zero-cycles.
In this section we prove, by assuming certain conjectures on values of L-functions, a finiteness result on the torsion subgroup of the Chow group of zero-cycles on X. The expository paper [L4] spells out a general axiomatic and conjectural framework that relates the finiteness of torsion algebraic cycles and the methods developed in [LS] to Beilinson's conjecture, the Tate conjecture, and the Bloch-Kato conjecture, and can be applied to any smooth projective variety over a number field. Some of the axioms or claims can be found in the conditional Theorem 2.5. Since the geometry of Hilbert-Blumenthal surfaces and their cohomological properties are rather special, the axioms can, in part, be formulated more explicitly (e.g., the treatment of bad primes) or they can even be proven (e.g., the finiteness of the Selmer group of the motive H 2 (X)(2), which is related to the Bloch-Kato conjecture). Therefore, we have decided to give here a coherent presentation that is appropriate to the particular situation and independent of the more general approach treated in [L4] .
Let U ⊂ Spec Z be an open subscheme such that there exists a smooth proper model ᐄ of X over U with the following property: If is the coarse moduli scheme that is a quasi-projective model of S over U , then there exists a morphism ᐄ → of schemes over U , where is the compactification of constructed in [Ra] , which extends the morphism X → S obtained by resolving the cusp and quotient singularities on S. The existence of U and ᐄ/U is clear. We believe that the only primes that have to be inverted to get U are the primes dividing the discriminant of F and the orders of the cyclic quotient singularities on S (in our situation, 2 or 3). However, we cannot prove that, and this is the reason why we work with the unspecified set U .
For a regular scheme Z, let H i (Z, j ) be the Zariski cohomology of the Quillen algebraic K-sheaf j associated to the presheaf V → K j (V ), let Ch j (Z) be the Chow group of cycles of codimension i modulo rational equivalence, and let Pic(Z) = Ch 1 (Z) be the Picard group. Note that Ch 2 (X) = Ch 0 (X), the Chow group of zerocycles on X, and let Ch 0 (X){p} be its p-primary torsion subgroup for a prime p.
From the works of Bloch [Bl1] and Sherman, we have the following exact localization sequence in algebraic K-theory, using Gersten's conjecture for 2 in a mixed characteristic setting that was proven by Bloch [Bl2] :
where X → ᐄ is the closed fiber at the good reduction prime . It is expected that the cokernel of ∂ is a torsion group. This requires the construction of new elements in K-theory. In this direction, we get the following partial result. 
Proof. In order to prove Theorem 2.2, it suffices to construct, for each split prime p ∈ U , nondecomposable elements in H 1 (X, 2 ), which together with the image of
This can be achieved by using the modular units Flach and Mildenhall constructed as modular units on Hirzebruch-Zagier cycles and taking the translates of the so-obtained elements in K-theory under Hecke operators. The a priori construction only works on the singular variety S, not on X, because the Hecke operators are not defined on the resolutions of singularities. In fact, in order to obtain new elements in H 1 (X, 2 ), we use a construction that was first discovered by Ramakrishnan [R1] , [R2] , and [R3] . He generalized Beilinson's construction for the self-product of a modular curve to Hilbert-Blumenthal surfaces (compare [Sch] ). Note that the Brown-Gersten spectral sequence on , E r,s Proof. The proof is the same as for the Hecke correspondences on X 0 (N)×X 0 (N) in [Fl1] and [Fl2] . Now assume that F f (and also V f ) is a cycle class with coefficient in Q, that is,
(the Hecke algebra generated by the Hecke operators
This is clear from the decomposition of the semisimple Ᏼ
where both morphisms are finite and flat, and R L/K 0 (g) is induced from the right multiplication by g on the complex points. Let G(A p f ) be the set of adelic points of G where the p-component is trivial. Then if g ∈ G(A p f ), the Hecke operator T g is defined on the models over Z p . Since the Brown-Gersten spectral sequence is covariant for proper and contravariant for flat morphisms, T g defines a morphism
, is compatible with
Since the isotypic component Wf (1) in H 2 cusp (S, Q (1) ) is already determined by the smaller Hecke algebra Ᏼ(G(A 
We know that the Brown-Gersten spectral sequence is covariant for proper and contravariant for flat morphisms of noetherian schemes (see [Q, Section 5] 
The exact argument for the commutativity is a tedious diagram chase in a very large diagram and is therefore left out. We lift (T p , u ) to an element in H 1 (X, 2 ) as follows.
Consider
(S) and letT p be the strict transform of T p on X. Then u lifts to a rational function onT p with possible zeros or poles at the intersection points ofT p with the resolution cycles of the cusp or quotient singularities. Since the resolutions of the singularities consist of polygons or strings of rational curves, it is possible to find a finite formal sum i (C i , f i ), where C i is a rational curve in the resolutions and
. This construction is due to Ramakrishnan [Ra1, Section 12.10] and can be applied to α g T # g (T p , u ) as well, which is a formal sum of pairs consisting of a modular curve and a modular unit (the translates of (T p , u ) under T g ). There is an element z ∈ H 1 (X, 2 ) such that the restriction of z to S is ( α g T # g ) (T p , u ) . The image of z under the composite map
shows that the image of z under the composite map
We have seen that the new elements in H 1 (X, 2 ) are lifts of ( α g T # g ) (T p , u ) ∈ E 1,−2 2 (S), α g ∈ Q obtained by adding a certain formal sum i (C i , f i ) supported in the resolutions of cusp and quotient singularities. They have the desired property, that is, they kill the new cycles in characteristic p. This construction and the fact that all the other elements in Pic(X p ) arise from specializing cycles on X imply that the boundary map
is surjective, and Theorem 2.2 follows. As an immediate application, we can prove the following local finiteness result.
Corollary 2.4 (Theorem C). Let p be a split, good reduction prime of X in U , and let
Proof. By the argument of Raskind in [Ras, Theorem 1.9] , the reduction map
is injective for all = p. Then the exact sequence (2.1), Theorem 2.2, and the fact that Ch 2 (X F p ) tor s is finite [CTSS, Theorem 1] imply the corollary.
In order to proceed further globally, we need to assume certain conjectures that are standard in the context of values of L-functions. Let S be a finite set of primes including all bad reduction primes of X, and let
Then an S-integral version of Beilinson's conjecture [R4, Conjecture 6.8.7 ] predicts the following equality:
If p is an inert good reduction prime, we consider Tate's conjecture
where X p is the closed fibre of ᐄ at p.
Our methods developed in [LS] to study torsion zero-cycles over an algebraic number field also force us to look at the local p-adic regulator map at primes not lying in U and to establish a surjectivity property there. For this, we need an additional assumption, the necessity of which becomes clear in the proof. Let p be an inert prime not lying in U . As explained at the beginning of this section, we certainly expect p = 2 or p = 3, if 2 or 3 are inert in F , to be such a prime. We take an integer N ≥ 3 such that p N, and we consider the following hypothesis for the Hilbert-Blumenthal surface S K N and its smooth projective model Y = S K N : Remark. We do not need the full force of (H1), but it makes the argument easier. What we really need here in view of Theorem 2.2 is to ensure the existence of sufficiently many elements in H 1 (X, 2 ) that cover all cycles in characteristic p at inert primes. We have not yet constructed the new cycles at inert primes nor the corresponding elements in K-theory.
We note that our hypotheses (H1) and (H2) imply that in the exact sequence (2.1) the cokernel of ∂ is a torsion group. Indeed, for S ⊃ S, we have the equality of L-values
Letting S vary and applying (H1), (H2), and Theorem 1.11 (Tate's conjecture for split primes), we see that coker ∂ must be a torsion group (compare [M, pp. 389-390] (2)) is cofinitely generated (its Q p /Z p -dual is a finitely generated Z p -module), the exact sequence shows that Ch 2 (ᐄ ){p} is cofinitely generated as a Z p -module. The remark after Theorem 2.5 shows that Ch 2 (X){p} is cofinitely generated, too. In analogy to the exact sequence above, we have an exact sequence for the generic fiber X: 
be as defined in [BK, (3. Let ᐄ Z p be a smooth, proper model of X Q p over Z p , and let j : X Q p → ᐄ Z p be the inclusion of the generic fiber. Then we have the following lemma.
Lemma 2.14. We have the inclusion
equivalent to the Tate conjecture using -adic cohomology = p by [Mil, Theois surjective whereZ is the subgroup in Pic(X) generated by cycles in the resolutions
